Abstract. We construct new families of extremal loop weight modules for the quantum toroidal algebras of type A as tensor products of simple ℓ-highest weight modules and simple ℓ-lowest weight modules. This construction involves the Drinfeld "coproduct" and related techniques [10, 15] . In general, we conjecture that extremal loop weight modules can be obtained by this process. We prove this conjecture in the following case: we get extremal fundamental loop weight modules, also called specialized vector representations, recently constructed by Feigin-Jimbo-Miwa-Mukhin [10] and the author [25] . Eventually we define new extremal loop weight modules by tensor products of extremal fundamental loop weight modules. By specializing the quantum parameter, we obtain finite-dimensional modules at roots of unity for quantum toroidal algebras.
Introduction
Quantum toroidal algebras, or double affine quantum algebras, were first introduced by Ginzburg-Kapranov-Vasserot in type A [13] and then in the general context in [20, 27] . They are obtained from quantum affine algebras by the Drinfeld quantum affinization process. In particular they can be viewed as generalizations of quantum affine algebras in the following sense. The quantum affine algebra U q (ĝ) associated to a finite-dimensional simple Lie algebra g has two realizations [1, 6] : first as the quantized enveloping algebra of the affine Lie algebraĝ and second as the Drinfeld quantum affinization of the quantum group U q (g). These two realizations of U q (ĝ) appear in the quantum toroidal algebra U q (g tor ) as subalgebras of it (the horizontal and the vertical quantum affine subalgebras).
The quantum affine algebras have been intensively studied (see among others [3, 4, 11, 12, 27] ). Kashiwara [22] has defined a class of integrable representations V (λ) of these algebras, called extremal weight modules, parametrized by an integrable weight λ with crystal basis B(λ). When λ is dominant, one obtains the simple highest weight module of highest weight λ. But in general V (λ) is neither of highest weight nor of lowest weight. Actually V (λ) is closely related to a tensor product of a simple highest weight module and a simple lowest weight module (see [22, Section 8.2] ). The extremal weight modules were the subject of numerous papers (see [2, 19, 22, 23] and references therein) and have a particular importance because they have finite-dimensional quotients for some weights λ.
The quantum toroidal algebras have also been intensively studied (see for example [7, 8, 9, 10, 14, 16, 26, 28] and references therein). In the spirit of works of Kashiwara, Hernandez [16] introduced the notion of extremal loop weight modules for U q (g tor ): there are integrable representations generated by an extremal vector for the horizontal quantum affine subalgebra. The main motivation is to construct finite-dimensional representations of the quantum toroidal algebra at roots of unity. In a recent work [25] the author constructed a family of extremal loop weight modules, called extremal fundamental loop weight modules, for the quantum toroidal algebras of type A: when n = 2r + 1 (r ≥ 1) is odd and ℓ = 1, r + 1 or n, we defined extremal loop weight representations of U q (sl tor n+1 ) of ℓ-weight corresponding to the level 0 fundamental weight ̟ ℓ = Λ ℓ − Λ 0 for U q (sl tor n+1 ). This construction is based on the monomial realizations of level 0 extremal fundamental weight crystals B(̟ ℓ ).
In the present paper we introduce a tensor product process to define new integrable U q (sl tor n+1 )-modules which are neither of ℓ-highest weight nor of ℓ-lowest weight. We use it to construct other families of extremal loop weight modules for the quantum toroidal algebras of type A: we define extremal loop weight modules generated by vectors of ℓ-weight corresponding to the level 0 weights s̟ ℓ = sΛ ℓ − sΛ 0 (s ≥ 1) for U q (sl tor n+1 ) when (ℓ = 1, n) or (n = 2r + 1 and ℓ = r + 1). (C) Let us explain the content of this paper. The construction of extremal loop weight modules of U q (sl tor n+1 ) done in this article is inspired by the works of Kashiwara on extremal weight modules: we consider tensor products of simple ℓ-highest weight modules and simple ℓ-lowest weight modules associated respectively to the weights sΛ ℓ and −sΛ 0 (s ∈ N * , 1 ≤ ℓ ≤ n), and to non-zero complex parameters. No Hopf algebra structure is known for U q (sl tor n+1 ) but a coproduct (the Drinfeld coproduct) which involves infinite sums can be used to define an action on this tensor product. For a particular choice of non-zero complex parameters, we show that this action is well-defined and endows the tensor product with a structure of integrable U q (sl tor n+1 )-module (Theorem 3.1). The proof uses analogue technical features as in [10, 15] . We conjecture that we get in this way extremal loop weight modules of U q (sl tor n+1 ) associated to the level 0 weights s̟ ℓ = sΛ ℓ − sΛ 0 if and only if (C) is satisfied (Conjecture 3.13). We prove this conjecture when ℓ = 1, n and s = 1: the module hence obtained is isomorphic to the extremal fundamental loop weight module defined in [25] , associated to the weight ̟ ℓ and to a non-zero complex parameter (Proposition 3.16). When ℓ, s = 1, it is also defined in [10] with another methods for the d-deformation U q,d (sl tor n+1 ) of the quantum toroidal algebra U q (sl tor n+1 ). It is called vector representation in this context. For this reason we call also this module the specialized vector representation.
Eventually we construct new extremal loop weight modules by tensor products of extremal fundamental loop weight modules we defined in [25] . More precisely, we consider the tensor product of k extremal fundamental loop weight modules associated to ̟ ℓ with ℓ satisfying (C). When the non-zero complex parameters are generic the action of U q (sl tor n+1 ) on this tensor product is well-defined. The module hence obtained is an irreducible extremal loop weight module associated to the weight k̟ ℓ (Theorem 4.2 and Theorem 5.4). When ℓ = 1 and the non-zero complex parameters form a q-segment, we determine necessary and sufficient conditions for the action to be welldefined on (subspaces of) this tensor product (Proposition 4.4). We obtain also new extremal loop weight modules, associated to the weight k̟ 1 (Theorem 4.6). As a particular case (n = 3 and k = 2) we get the extremal loop weight module we defined in [25, Section 5] by using a monomial realization of B(2̟ 1 ).
Some of modules we consider in Section 4 are already defined in [10] for the ddeformation U q,d (sl tor n+1 ) of the quantum toroidal algebra. Let us point out that the construction methods and the motivations are very different than ours: in fact vector representations are defined in [10] as the quantum version of a module over a Lie algebra of difference operators. It is used to construct inter alia a family of Fock modules of U q,d (sl tor n+1 ) (which are ℓ-lowest weights with natural bases labelled by plane partitions) by a semi-infinite wedge process. More precisely this construction consists in defining an action of U q,d (sl tor n+1 ) on the infinite tensor product of vector representations by inductive limit. In our study of extremal loop weight modules of the quantum toroidal algebras, the (specialized) vector representations are introduced with very different ways: by using monomial realizations in [25] , or in this paper by tensor product of simple ℓ-highest weight modules and simple ℓ-lowest weight modules. Furthermore our goal in this paper is to give a process to construct extremal loop weight modules for general quantum affinizations. But d-deformations of quantum toroidal algebras not of type A are not known. It is the main reason why we work with U q (sl tor n+1 ) instead of its d-deformation. Indeed we show in an example that it is possible to use the features we develop in Section 3 for quantum toroidal algebras of other types: we construct an extremal loop weight module for the quantum toroidal algebra of type D 4 (Theorem 6.2). This is the first example of such module in type different to A.
The paper is organized as follows. In Section 2 we recall the main definitions of quantum affine algebras U q (ŝl n+1 ) and quantum toroidal algebras U q (sl tor n+1 ) and we briefly review their representation theory. In particular one defines the extremal weight modules and the extremal loop weight modules. In Section 3 we introduce a tensor product process to define new integrable U q (sl tor n+1 )-modules: we study tensor products of simple ℓ-highest weight modules and simple ℓ-lowest weight modules associated respectively to the weights sΛ ℓ and −sΛ 0 (s ∈ N * , 1 ≤ ℓ ≤ n). We show that, for a particular choice of non-zero complex parameters, the action of U q (sl tor n+1 ) is well-defined on it (Theorem 3.1). We conjecture that we obtain in this way an extremal loop weight module associated to the weight s̟ ℓ = sΛ ℓ −sΛ 0 if and only if ℓ satisfies (C) (Conjecture 3.13). We prove the conjecture for s = 1 and ℓ = 1, n. When ℓ, s = 1, the module hence obtained is isomorphic to the extremal fundamental loop weight module associated to the weight ̟ 1 , also called specialized vector representation (Proposition 3.16). Section 4 is devoted to the study of tensor products of specialized vector representations. When the non-zero complex parameters are generic, we check that the U q (sl tor n+1 )-module hence obtained is an extremal loop weight module (Theorem 4.2). When the non-zero complex parameters form a q-segment, we determine conditions for the action to be well-defined (Proposition 4.1). We show that the modules hence obtained are extremal loop weight modules (Theorem 4.6 and Proposition 4.7). In Section 5 we consider tensor products of extremal fundamental loop weight modules associated to the weight ̟ ℓ = Λ ℓ − Λ 0 when n = 2r + 1 is odd and ℓ = r + 1. We determine when the action is well-defined on it (Proposition 5.2). When the non-zero complex parameters are generic we show that the tensor product is an irreducible extremal loop weight module (Theorem 5.4). In Section 6 we discuss other possible future developments. In particular we construct an example of extremal loop weight module for the quantum toroidal algebra of type D 4 (Theorem 6.2).
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2. Background 2.1. Cartan matrix. Fix a natural number n ≥ 2 and set I = {0, . . . , n}. In the following, I will be often identified with the set Z/(n + 1)Z. Let C = (C i,j ) i,j∈I be the Cartan matrix of type A
Set I 0 = {1, . . . , n}. In particular, (C i,j ) i,j∈I 0 is the Cartan matrix of finite type A n . Consider the vector space of dimension n + 2 h = Qh 0 ⊕ Qh 1 ⊕ · · · ⊕ Qh n ⊕ Qd and the linear functions α i (the simple roots), Λ i (the fundamental weights) on h given by (i, j ∈ I)
Denote by Π = {α 0 , . . . , α n } ⊂ h * the set of simple roots and Π ∨ = {h 0 , . . . , h n } ⊂ h the set of simple coroots. Let P = {λ ∈ h * | λ(h i ) ∈ Z for any i ∈ I} be the weight lattice and P + = {λ ∈ P | λ(h i ) ≥ 0 for any i ∈ I} the semigroup of dominant weights. Let Q = i∈I Zα i ⊂ P (the root lattice) and
Denote by W the affine Weyl group: it is the subgroup of GL(h * ) generated by the simple reflections s i ∈ GL(h * ) defined by
Let c = h 0 + · · · + h n and δ = α 0 + · · · + α n . We have {ω ∈ P | ω(h i ) = 0 for all i ∈ I} = Qδ.
Put P cl = P/Qδ and denote by cl : P → P cl the canonical projection. Denote by P 0 = {λ ∈ P | λ(c) = 0} the set of level 0 weights.
2.2.
Quantum affine algebra U q (ŝl n+1 ). In this article q = e t ∈ C * (t ∈ C) is not a root of unity and is fixed. For l ∈ Z, r ≥ 0, m ≥ m ′ ≥ 0 we set
Definition 2.1. The quantum affine algebra U q (ŝl n+1 ) is the C-algebra with generators
We use here the notation k ±1 i = k ±h i and for all r ≥ 0 we set (x
[r]q! . One defines a coproduct on U q (ŝl n+1 ) by setting
Let U q (ŝl n+1 ) ′ be the subalgebra of U q (ŝl n+1 ) generated by x ± i and k h (h ∈ Qh i ). This has P cl as a weight lattice.
For J ⊂ I denote by U q (ŝl n+1 ) J the subalgebra of U q (ŝl n+1 ) generated by the
is the quantum group of finite type A n , also denoted by U q (sl n+1 ). In particular, a U q (ŝl n+1 )-module has a structure of U q (sl n+1 )-module. If J = {i} with i ∈ I, U q (ŝl n+1 ) J is isomorphic to U q (sl 2 ) and denoted by U i . So a U q (ŝl n+1 )-module has also a structure of U q (sl 2 )-module.
Let U q (ŝl n+1 ) + (resp. U q (ŝl n+1 ) − , U q (h)) be the subalgebra of U q (ŝl n+1 ) generated by the x + i (resp. the x − i , resp the k h ). We have a triangular decomposition of U q (ŝl n+1 ) (see [24] ): Theorem 2.2. We have an isomorphism of vector spaces
2.3.
Representations of U q (ŝl n+1 ). For V a representation of U q (ŝl n+1 ) and ν ∈ P , the weight space V ν of V is
Set wt(V ) = {ν ∈ P |V ν = {0}}.
For λ ∈ P , a representation V is said to be of highest weight λ if there is v ∈ V λ such that for all i ∈ I, x + i · v = 0 and U q (ŝl n+1 ) · v = V . Such a representation is in the category O. Furthermore there is a unique simple highest weight module of highest weight λ.
The simple highest weight module of highest weight λ is integrable if and only if λ is dominant. We denote it V (λ) for all λ ∈ P + . Now we recall the definition and some properties of extremal weight modules for the quantum affine algebra U q (ŝl n+1 ) given by Kashiwara [22, 23] . Definition 2.6. For an integrable U q (ŝl n+1 )-module V and λ ∈ P , a vector v ∈ V λ is called extremal of weight λ if there are vectors {v w } w∈W such that v Id = v and
If the vector v is extremal of weight λ, then for w ∈ W v w is extremal of weight w(λ).
Remark 2.7. The definition of extremal vector can be rewritten as follows (see [22] ):
We set in that case
Definition 2.8. For λ ∈ P , the extremal weight module V (λ) of extremal weight λ is the U q (ŝl n+1 )-module generated by a vector v λ with the defining relations that v λ is extremal of weight λ.
Example 2.9. If λ is dominant, V (λ) is the simple highest weight module of highest weight λ.
Theorem 2.10. [22] For λ ∈ P , the module V (λ) is integrable and has a crystal basis B(λ).
Remark 2.11. To prove this result, the tensor product V ′ (λ) = V (λ + ) ⊗ V (λ − ) of a highest weight module and a lowest weight module is considered in [22] , where
Actually, this tensor product is closely related to the extremal weight module V (λ) (see [22, lemma 8.2 .1]).
(ii) Any non-zero integrable U q (ŝl n+1 )-module generated by an extremal weight vector of weight ̟ ℓ is isomorphic to V (̟ ℓ ). (iii) As a U q (ŝl n+1 ) ′ -module, V (̟ ℓ ) admits an irreducible and finite-dimensional quotient.
2.4.
Quantum toroidal algebra U q (sl tor n+1 ). We recall the definition of the quantum toroidal algebra U q (sl tor n+1 ) (without central charge) in terms of currents. Definition 2.13.
[13] The quantum toroidal algebra U q (sl tor n+1 ) is the C-algebra with generators x ± i,r (i ∈ I, r ∈ Z), k h (h ∈ h), h i,m (i ∈ I, m ∈ Z − {0}) and the following defining relations (i, j ∈ I, h, h ′ ∈ h):
Here we use the formal power series δ(z) = s∈Z z s and
Remark 2.14. An additional parameter d ∈ C * is added in [13] . To do that, consider a matrix M = (m i,j ) i,j∈I given by m i−1,i = −1, m i,i−1 = 1 for all i ∈ I and m i,j = 0 if j ∈ I, j = i, i ± 1. Then U q,d (sl tor n+1 ) is the algebra with the same generators and relations as U q (sl tor n+1 ) except the following d-deformed relations instead of (1), (2), (3):
. This algebra and their representations are also studied in [10] .
For b ∈ C * , let t b be the map sending the series
. Its image is called the horizontal quantum affine subalgebra of U q (sl tor n+1 ) and is denoted by U h q (sl tor n+1 ). In particular, a U q (sl tor n+1 )-module V has also a structure of U q (ŝl n+1 )-module. We denote by Res(V ) the restricted U q (ŝl n+1 )-module obtained from V .
As it is said above, the quantum affine algebra U q (ŝl n+1 ) ′ has another realization in term of Drinfeld generators [1, 6] : this is the C-algebra with generators
) and the same relations as in Definition 2.13. It is isomorphic to the subalgebra U v q (sl tor n+1 ) of U q (sl tor n+1 ) generated by the
) is called the vertical quantum affine subalgebra of U q (sl tor n+1 ). For all j ∈ I, set I j = I − {j} and define the subalgebra U v,j q (sl tor n+1 ) of U q (sl tor n+1 ) generated by the x
) is the vertical quantum affine subalgebra U v q (sl tor n+1 ) of U q (sl tor n+1 ). All the U v,j q (sl tor n+1 ) for various j ∈ I are isomorphic. For i ∈ I, the subalgebraÛ i generated by the x
We have a triangular decomposition of U q (sl tor n+1 ). Theorem 2.15. [26, 27] We have an isomorphism of vector spaces
where U q (sl tor n+1 ) ± (resp. U q (ĥ)) is generated by the x ± i,r (resp. the k h , the h i,m ). 2.5. Representations of U q (sl tor n+1 ). Definition 2.16. A representation V of U q (sl tor n+1 ) is said to be integrable (resp. in the category O) if Res(V ) is integrable (resp. in the category O) as a U q (ŝl n+1 )-module.
Such a representation is in the category O. For γ ∈ Hom(U q (ĥ), C) an algebra morphism, by Theorem 2.15 we have a corresponding Verma module M (γ) and a simple representation V (γ) which are ℓ-highest weight.
The polynomials P i are called Drinfeld polynomials and the representation V (γ) is then denoted by V (λ, (P i ) i∈I ). The Kirillov-Reshetikhin module associated to k ≥ 0, a ∈ C * and ℓ ∈ I, is the simple integrable representation of weight kΛ ℓ with the n-tuple
If k = 1, it is also called fundamental module.
Consider an integrable representation V of U q (sl tor n+1 ). As the subalgebra U q (ĥ) is commutative, we have a decomposition of the weight spaces V ν in simultaneous generalized eigenspaces
where
All the simple ℓ-highest weight representations V (λ, (P i ) i∈I ) are ℓ-integrable. An ℓ-integrable representation of U q (sl tor n+1 ) is integrable.
Definition 2.20. The U q (sl tor n+1 )-module V is weighted if the Cartan subalgebra U q (ĥ) acts on V by diagonalizable operators. The module V is thin if it is weighted and the joint spectrum is simple.
The terminology is different in [7, 8, 9, 10] : a thin module is called tame.
Definition 2.21. [12, 14, 27 ] The q-character of an integrable representation V of U q (sl tor n+1 ) with finite-dimensional ℓ-weight spaces is defined by the formal sum
As in [10] , we set ). An ℓ-weight (ν, γ) of V satisfies the property
Further if V is in the category O, then
Consider formal variables Y

±1
i,a , e ν (i ∈ I, a ∈ C * , ν ∈ P ) and let A be the group of monomials of the form m = e ω(m) i∈I,a∈C * Y
A monomial m is said to be J-dominant (J ⊂ I) if for all j ∈ J and a ∈ C * we have u j,a (m) ≥ 0. An I-dominant monomial is said to be dominant.
We denote V (ν,γ) = V m (ν,γ) . We rewrite the q-character of an integrable representation V with finite-dimensional ℓ-weight spaces by the formal sum
Let us denote by M(V ) the set of monomials occurring in χ q (V ). By this correspondence between ℓ-weights and monomials due to Frenkel-Reshetikhin [12] , the I-tuple of Drinfeld polynomials are identified with the dominant monomials. In particular for a dominant monomial m, one denotes by V (m) the simple module of ℓ-highest weight m. For example V (e kΛ ℓ Y ℓ,a Y ℓ,aq 2 . . . Y ℓ,aq 2(k−1) ) is the KirillovReshetikhin module associated to k ≥ 0, a ∈ C * and ℓ ∈ I, and V (e Λ ℓ Y ℓ,a ) is the fundamental module associated to a ∈ C * and ℓ ∈ I. 
) · w is finite-dimensional for all w ∈ V and j ∈ I. Proposition 2.24. Let m be a dominant monomial. Then the simple ℓ-highest weight module V (m) of ℓ-highest weight m is an extremal loop weight module of U q (sl tor n+1 ). Proof. Let m be a dominant monomial. We have viewed that V (m) is an integrable U q (sl tor n+1 )-module which satisfies V (m) = U q (sl tor n+1 ) · v (with v the ℓ-highest weight vector of V (m)). Let us show that v is an extremal vector of weight ω(m). As v is of ℓ-highest weight, it is in particular a highest weight vector of weight ω(m). So it satisfies for all i ∈ I (x
These relations define the simple highest weight
) is simple, this is an isomorphism of U q (ŝl n+1 )-modules, and v is extremal for the horizontal quantum affine subalgebra of weight ω(m).
It remains to show that for all w ∈ V (m) and j ∈ I, U v,j q (sl tor n+1 ) · w is finitedimensional. Actually, one can assume that j = 0 in our computation. In fact let θ be the automorphism of the Dynkin diagram of type A (1) n corresponding to the rotation such that θ(k) = k + 1, where I is identified to the set Z/(n + 1)Z. It defines an automorphism θ h of h by sending
respectively (where i ∈ I, h ∈ h, r ∈ Z, m ∈ Z − {0}). By restriction, it gives an isomorphism of algebras between U v q (sl tor n+1 ) and U v,j q (sl tor n+1 ). Then if we prove the property for the vertical quantum affine subalgebra U v q (sl tor n+1 ), the third point of Definition 2.23 follows by application of θ (j) .
So fix w ∈ V (m) an ℓ-weight vector and consider the sub-
Denote by λ the weight of w and k = λ(d). As the weight lattice
Further the weight spaces of V (m) and W are finite-dimensional. So it suffices to show that the set of weights {µ ∈ wt(V (m))|µ(d) = k} is finite. For that we use the theory of q-characters. Let us recall some facts about the q-character χ q (V (m)) of the simple ℓ-highest weight U q (sl tor n+1 )-module V (m). By [15, Proposition 6 .1] it is a sub-factor of a product of q-characters of fundamental representations. So we are reduced to prove that {µ ∈ wt(V (Y ℓ,a ))|µ(d) = k} is finite for all k ∈ Z and all ℓ ∈ I, a ∈ C * . But the q-characters χ q (V (Y ℓ,a )) (and in particular there characters) are known, given in terms of tableaux sum expressions (see [18] ). And we check directly from these formulas the finiteness of {µ ∈ wt(V (Y ℓ,a ))|µ(d) = k}. Hence U v q (sl tor n+1 ) · w is finite-dimensional, and the simple ℓ-highest weight module V (m) is an extremal loop weight module.
The main motivation of this definition is the construction of finite-dimensional representations of the quantum toroidal algebra as in the theory of Kashiwara, but at roots of unity in this case. We have recently obtained some results in this sense. Let
be the distance between the nodes 0 and ℓ in the Dynkin diagram of type A (1) n . Theorem 2.25. [25] Assume that n = 2r + 1 is odd and ℓ = 1, r + 1 or n. Then there exists an irreducible, thin extremal loop weight module of
) and called extremal fundamental loop weight module.
) are neither of ℓ-highest weight nor of ℓ-lowest weight, and they are not in the category O. Actually as a For a ∈ C * , let us denote by
) by twisting the action by the automorphism t a : they are also ℓ-
and satisfy the same properties.
Denote by U ǫ (sl tor n+1 ) ′ the algebra defined as U q (sl tor n+1 ) ′ with ǫ instead of q (without divided power and derivation element). When q is specialized at a root of unity ǫ we obtain finite-dimensional representations of U ǫ (sl tor n+1 ) ′ . Proposition 2.26. [25] Assume always that n = 2r + 1 (r ≥ 1) is odd. Set ℓ = 1, n and p = n + 1 (resp. ℓ = r + 1 and p = 2). Denote by ǫ a primitive
Actually when ℓ = 1 or ℓ = n, the representations
0,aq ) (a ∈ C * ) and their specializations at roots of unity
0,aq ) ǫ can be defined for all the quantum toroidal algebras U q (sl tor n+1 ) and not only when n is odd. Let us improve this point:
0,q ) freely generated by these monomials can be endowed with a structure of U q (sl tor n+1 )-module by formulas given in [25, Theorem 4.11] . Let us
0,aq ) the U q (sl tor n+1 )-module obtained by twisting the action by t a (a ∈ C * ). We show as in [25] that it is an extremal loop weight module of ℓ-weight e ̟ 1 Y 1,a Y −1 0,aq . The case ℓ = n deduces from the previous one as follows. Let ι be the automorphism of the Dynkin diagram of type A (1) n such that ι(k) = −k for all k ∈ I (where I is identified to the set Z/(n + 1)Z). It defines an automorphism ι h of h by sending h i , d to h ι(i) , d for all i ∈ I. Furthermore it induces an algebra automorphism of U q (sl tor n+1 ) we still denote ι, which sends x (i) There exists an irreducible extremal loop weight
In the following, we denote by
0,1 ) by twisting the action by the automorphism t aq −1 (a ∈ C * ): it is also an extremal loop weight module of ℓ-weight e
In this paper we will construct other extremal loop weight modules with a different process. Motivated by Remark 2.11, we will study tensor products of simple ℓ-highest weight modules and simple ℓ-lowest weight modules. We expect to obtain in this way a new family of extremal loop weight modules. But no Hopf algebra structure is known for the quantum toroidal algebra U q (sl tor n+1 ). However a coproduct is known, with values in a completion. It is defined in the next section.
2.7.
Coproduct. Let ∆ be the coproduct defined by (i ∈ I)
. Note that this map does not define a coproduct in the usual sense because (4) and (5) involve infinite sums and are not elements of U q (sl tor n+1 ) ⊗ U q (sl tor n+1 ). However it can be used to define a structure of U q (sl tor n+1 )-module on (a subspace of) the tensor product of U q (sl tor n+1 )-modules when the summations are well-defined. In fact, we have Lemma 2.28.
[10] Let V , W be U q (sl tor n+1 )-modules. Let U ⊆ V ⊗ W be a linear subspace such that for any u ∈ U and i ∈ I, ∆(x + i (z)) · u is well-defined in U . Then the coproduct ∆ endows U with a structure of U q (sl tor n+1 )-module.
We will have to consider another situation: assume that we have a decomposition of the vector space
Let us denote by pr U : U ⊕ U ′ → U and pr U ′ : U ⊕ U ′ → U ′ the projections along U and U ′ respectively. Assume that the action of x ± i (z) is well-defined on the vectors in U . Assume further that the vector spaces U and U ′ have bases {e r } r∈R and {f s } s∈S respectively such that the matrix coefficients of operators x ± i (z) applied to f s and computed on e r are zero for all s ∈ S and r ∈ R. Then we have Lemma 2.29.
[10] Under the assumption above, the space U has a structure of U q (sl tor n+1 )-module such that the series x ± i (z) and φ
One can improve these results as follows.
Lemma 2.30. Assume further that V and W are ℓ-integrable U q (sl tor n+1 )-modules in the last lemmas. Then U is an ℓ-integrable U q (sl tor n+1 )-module. Proof. As V and W have an ℓ-weight space decomposition and by (6), we have U = ⊕ m∈A U m with for all m ∈ A,
Let u = v ⊗ w ∈ U and fix i ∈ I. As V and W are ℓ-integrable, the subspacesÛ i · v, U i · w are finite-dimensional. By (4), (5) and (6) we havê
HenceÛ i · u is finite-dimensional, and U is an ℓ-integrable U q (sl tor n+1 )-module.
Remark 2.31. Assume that for all v ∈ V, w ∈ W and all j ∈ I, U v,j q (sl tor n+1 ) · v and U v,j q (sl tor n+1 )·w are finite-dimensional. We show as in the last lemma that the U q (sl tor n+1 )-module U satisfies also
) · u is finite-dimensional for all u ∈ U and j ∈ I.
Tensor product of ℓ-highest weight modules and ℓ-lowest weight modules
In this section, we introduce a tensor product process to define new integrable modules over the quantum toroidal algebra. We define a U q (sl tor n+1 )-module structure on the tensor product of simple ℓ-highest weight modules and simple ℓ-lowest weight modules associated to the weights sΛ ℓ and −sΛ 0 respectively (s ∈ N * , 1 ≤ ℓ ≤ n). As it is explained above, the main motivation for considering such tensor products comes from Remark 2.11: we expect to obtain other extremal loop weight modules by this process. To do that we use the coproduct ∆. But it involves infinite sums and it cannot endow every tensor product of ℓ-highest weight modules and ℓ-lowest weight modules with a structure of U q (sl tor n+1 )-module. In fact convergence properties depend on the non-zero complex parameters defining the ℓ-weight modules. In particular, they have to satisfy restrictive conditions. For these reasons we made the choice to consider the following tensor product in this section
) with 1 ≤ ℓ ≤ n, a ∈ C * and s ≥ 1.
We will see that the convergence properties are well satisfied in this case, and that it is a good candidate to obtain extremal loop weight modules. Let us note that the general process we introduce in this section can be used to define new integrable modules in many other situations (see also Remark 3.7 thereupon).
In the first part, we show that the action of
given by the coproduct ∆ is well-defined (Theorem 3.1). In the second part, we consider the sub-U q (sl tor n+1 )-module
). We determine necessary conditions on ℓ for
) to be an extremal loop weight U q (sl tor n+1 )-module: it requires that (ℓ = 1, n) or (n = 2r + 1 and ℓ = r + 1).
We conjecture that in these cases
) is an extremal loop weight module,
) is isomorphic to the extremal fundamental loop weight module
) we defined in [25] (Conjecture 3.13). We prove this conjecture for ℓ = 1, n and s = 1 in the last part (Proposition 3.16). For ℓ = 1, the representations are also defined in [10] for the algebra U q,d (sl tor n+1 ) and called vector representations. We obtain here a specialization at d = 1 of them (see [25] ). For this reason we call
0,aq ) the specialized vector representation. 3.1. Existence of the action on the tensor product. Let ℓ ∈ I 0 , a ∈ C * and s ∈ N * . Consider the tensor product
Let us begin by the main result of this section.
) and it endows this tensor product with a structure of U q (sl tor n+1 )-module. To prove this theorem, we need some intermediary results. Let us begin by the following proposition.
There are finite numbers of C-linear operators
The proof of Proposition 3.2 will be useful in the following. We recall it for the convenience of the reader.
Proof. Let us begin by the following well-known identity (r ∈ Z − {0}, m ∈ Z)
Denote by ρ : U q (ŝl 2 ) ′ → End(V ) the action and set
Consider the Jordan decomposition Φ = Φ 1 + Φ 2 of Φ, where Φ 1 is diagonalizable, Φ S 2 = 0 for some S ≥ 1 and
By (10) we have for m ≥ 0,
For s ≥ 1 and the operators x For that we need the following well-known lemma. (7), (8) and (9) are non-zero only if there exist m, m ′ ∈ M(V ) (= the set of ℓ-weights of V ) such that
Proof. To prove this result, let us begin to note that in the proof of Proposition 3.2, the complex numbers λ ± ∈ C * for which the C-linear operators
. So we have to study the spectrum of the operators ad(h 1,±1 ).
By a standard result of Lie algebras an eigenvalue λ ± of ad(h 1,±1 ) is of the form λ ± = α ± − β ± with α ± , β ± eigenvalues of h 1,±1 . So by Lemma 3.3, the complex numbers λ ± we have to consider are of the form (m, m ′ ∈ M(V ))
where [x] is the floor of the real number x. (7), (8) and (9) for theÛ i -module W are non-zero only if
Proof. By the last proposition, we have to study the ℓ-weights of V (e sΛ ℓ Y s ℓ,a ). The theory of q-characters for the simple ℓ-highest weight U q (sl tor n+1 )-modules (see [12, 14, 15, 27] ) shows that the highest integers k, l such that variables Y i,aq k and Y
It remains to determine the positivity of the factors a ±1 q ±d(i,ℓ) in λ ± . For that fix r ∈ Z and let us improve the decomposition ρ(x + i,r ) = λ + ∈C d λ + as eigenvectors of Φ : W → W used in the proof of Proposition 3.2 (the proof is the same for λ − by considering Φ ′ ). Actually a complex number λ + occurring in this sum satisfies
In fact this eigenvalue corresponds to the commutator [h i,1 , x + i,r ]. By the theory of q-characters, the power of the indeterminate Y i,aq k in m ′ is higher than the one in m, and the other complex
We treat the other cases in the same way. 
We show in the same way (7), (8) and (9) for theÛ i -module W are non-zero only if
Now we are able to prove Theorem 3.1.
Proof. We assume in the following that ℓ ≤ is deduced from the previous one by using the automorphism ι of U q (sl tor n+1 )). We consider the tensor product
0,aq ℓ ) with s ∈ N * and a ∈ C * . Fix 0 ≤ i ≤ n, and set u = v ⊗ w with v ∈ V (e sΛ ℓ Y s ℓ,a ) and
We have to prove that at the right hand side, the last term which involves infinite sums is in fact well-defined. Let us consider the term of degree m ∈ Z in this sum. It is equal to
As the two considered modules are integrable, we can apply the preceding results. With notations used above, the infinite sum at the right hand side is equal to
The infinite sum r≥1 λ r − λ r + r k+l is a rational fraction on the variables λ ± if and only if λ − · λ + = 1 for all λ ± occurring in (11) . It holds for the tensor product
in fact by Proposition 3.5,
As q is generic the produce λ − · λ + is different to one. Hence the coefficients of the series x + i (z) · u are well-defined. We proceed in the same way for the operators
, the main step has been to study the ℓ-weights of each involving module (or equivalently their q-character -see the proof of Proposition 3.5). Many other U q (sl tor n+1 )-modules can be constructed by the same technical feature. Let us give two other examples.
• Let us consider the tensor product of
Then one can show (the proof is similar to the one of Theorem 3.1) that ∆ defines a U q (sl tor n+1 )-module structure on it.
• Another situation which could be interesting to study is the tensor product of ℓ-highest weight Kirillov-Reshetikhin modules and ℓ-lowest weight KirillovReshetikhin modules. For example, let us consider the tensor product of U q (sl tor n+1 )-
0,1 ). The q-character of these modules is known in terms of tableaux [18] . So one can apply the technical feature we used above for this tensor product. But it is quite more difficult than the one studied above. In fact, our study implies that the action of U q (sl tor n+1 ) is well-defined on almost all V . And for a finite number of vectors, a direct computation has to be done. We do not detail the calculations here.
Remark 3.8. Our construction holds for all the quantum affinizations, in particular for quantum toroidal algebras of other types. We expect to construct in this way new families of extremal loop weight modules in a further paper. We give an example of such construction in Section 6 for the quantum toroidal algebra of type D 4 (Theorem 6.2).
Remark 3.9. We have explained above our motivations to work with U q (sl tor n+1 ) instead of its d-deformation U q,d (sl tor n+1 ) (which is considered in [10] ). However it gives some additional difficulties in our computations. In fact for U q (sl tor n+1 ), the fundamental modules are not weighted in general (see [16, Section 4 .1]) and we have to deal with generalized eigenspaces. The representation theory of U q,d (sl tor n+1 ) is very different: all the simple ℓ-highest weight modules are weighted. This is also the case for the representations considered in [10] which are all thin. For tensor products of such representations, necessary and sufficient conditions for ∆ to define an action of U q,d (sl tor n+1 ) can be determined. For these reasons, one can expect to improve Theorem 3.1 in the U q,d (sl tor n+1 ) situation. We plan to discuss this point in a subsequent publication.
3.2.
Study of the tensor product modules. Set 1 ≤ ℓ ≤ n, a ∈ C * , s ∈ N * and consider the tensor product of
By using the coproduct ∆, it can be endowed with a U q (sl tor n+1 )-module structure (Theorem 3.1).
The main motivation of considering such tensor products is the construction of extremal loop weight modules for U q (sl tor n+1 ). By the last proposition,
is an integrable U q (sl tor n+1 )-module which satisfies the first point and the third point of Definition 2.23. So it remains to show that v is extremal for the horizontal quantum affine subalgebra. For that hypotheses on 1 ≤ ℓ ≤ n must be taken. In fact we have Proposition 3.11. Assume that (n is even and ℓ = 1, n) or (n = 2r + 1 is odd and ℓ = 1, r + 1, n).
is not extremal for the horizontal quantum affine subalgebra.
To prove this result, the following identity will be useful γ(z)δ(z/w) = γ(w)δ(z/w) where δ(z) = k∈Z z k and γ(z) is any rational function (it occurs also in [10] ). We will often use it in the whole article.
Proof. One can assume that ℓ ≤ n+1 2
(we use the automorphism ι for the case ℓ > n+1 2 ). Let us show that v is not extremal for the horizontal quantum affine subalgebra under these hypotheses on ℓ. By a direct computation, we check that for all i ∈ I and ℓ ≤ t ≤ n − 1,
0,aq ℓ . By hypothesis we have q n+3−2ℓ = q 2 and q 2ℓ−1−n = 1. So we obtain
Hence the vector w ⊗ v − is not 0-extremal, and v is not extremal for U h q (sl tor n+1 ).
Remark 3.12. Note that the obstruction to do not have extremal loop weight modules when (ℓ = 1, n) or (n = 2r + 1 odd and ℓ = 1, r + 1, n) provides to the cyclicity of the Dynkin diagram of type A
n . For quantum affinizations associated to Dynkin diagrams without cycle, we expect to obtain extremal loop weight modules for all the nodes of the Dynkin diagram.
So we have to assume that ℓ satisfies (C). This hypothesis occurs in [25] for the construction of the extremal fundamental loop weight U q (sl tor n+1 )-modules
) (where we have to assume that n = 2r + 1 is odd in addition) in the following way: as it is said above their construction is based on monomial realizations of the extremal fundamental weight U q (ŝl n+1 )-crystals B(̟ ℓ ) (see [25] ). It is possible to associate representations of U q (sl tor n+1 ) to these monomial crystals only if they satisfy a combinatorial condition providing to the theory of q-characters (a monomial set which satisfies this condition is called a closed monomial set in [25] ). It holds if and only if ℓ = 1, r + 1 or n. In these cases, the representations associated to the monomial realizations of B(̟ ℓ ) are the extremal fundamental loop weight modules ) when ℓ satisfies (C). We conjecture that . Further if we assume in addition that s = 1,
Remark 3.14. Via the coproduct ∆, we have also defined U q (sl tor n+1 )-module structures on the following tensor products (Remark 3.7):
is less interesting for our study of extremal loop weight modules. In fact, let us keep the notation v + (resp. v − ) for the ℓ-highest weight vector (resp. the ℓ-lowest weight vector) of V (e sΛ ℓ Y s ℓ,aq u ) (resp. of
Then we check easily that if u = 0 or v = 0, the vector v = v + ⊗ v − is not extremal for the horizontal quantum affine subagebra.
For the U q (sl tor n+1 )-module V 2 , it is not obvious for the author to show that this tensor product gives an extremal loop weight module. As in Conjecture 3.13, the main difficulty is to compute the action of the quantum toroidal algebra on each component of the tensor product.
3.3. Proof of Conjecture 3.13 for ℓ = 1, n and s = 1. In this section we prove Conjecture 3.13 for ℓ = 1, n and s = 1. To do that, let us begin by improving the action of the quantum toroidal algebra U q (sl tor n+1 ) on
0,aq ) (a ∈ C * ) is thin and satisfies
Further there is a basis {v Y
} j∈Z of T such that for all j ∈ Z,
The action on it is given by (i ∈ I, j ∈ Z)
otherwise.
The proof of Proposition 3.15 is given in Appendix. As a direct consequence we have 0,aq ) (a ∈ C * ) can be obtained from the vector representations by specialization at d = 1 (see [25] ). This is the reason for which we call them the specialized vector representations of U q (sl tor n+1 ).
Tensor products of specialized vector representations
In this section we study tensor products of specialized vector representations
0,aq ) (a ∈ C * ). We obtain in this way new families of extremal loop weight modules for U q (sl tor n+1 ). The tensor product of two vector representations is also considered in [10] for the d-deformation U q,d (sl tor n+1 ) of U q (sl tor n+1 ): existence conditions of the action are given. We recall these results in the first part for the specialized quantum toroidal algebra U q (sl tor n+1 ). In the second part we study the case of tensor products of k specialized vector representations with generic non-zero complex parameters a 1 , · · · , a k ∈ C * (Theorem 4.2): it is an irreducible extremal loop weight module of ℓ-weight
In the third part we are interested in tensor products of specialized vector representations when the set of parameters forms a q-segment {a, aq −2 , · · · , aq −2(k−1) } (k ∈ N * , a ∈ C * ): under existence conditions it is an extremal loop weight module (Theorem 4.6). Further it has an irreducible quotient which is also ℓ-extremal. When n = 3 and k = 2 this quotient is isomorphic to the U q (sl tor
0,aq −1 ) we defined in [25, Section 5] . In the last part, we specialize q at roots of unity ǫ. We obtain new irreducible finite-dimensional representations of the quantum toroidal algebra U ǫ (sl tor n+1 ) ′ . Consider the tensor product V ( 1 a )⊗V ( 1 b ) with a, b ∈ C * . The following result is given in [10] for the d-deformation U q,d (sl tor n+1 ) of the quantum toroidal algebra. (ii) Assume that
submodule spanned by vectors of the form i a ⊗ j b with i ≤ j + m(n + 1) (i, j ∈ Z). The submodule and the quotient module are irreducible and thin.
submodule spanned by vectors of the form i a ⊗ j b with i < j + m(n + 1) (i, j ∈ Z). The submodule and the quotient module are irreducible and thin.
(iv) In all the other cases,
In the following sections, we give new results about tensor products of specialized vector representations in the context of extremal loop weight modules.
The generic case. The main result of this section is
Theorem 4.2. Let k ∈ N * and a 1 , · · · , a k ∈ C * be such that
Then the tensor product of specialized vector representations
is an irreducible, thin, extremal loop weight U q (sl tor n+1 )-module of ℓ-weight e
Let us begin by the following identity which will be used later. Lemma 4.3. Let k ∈ N * . We have the equality into the field C(X 1 , · · · , X k , Q) of rational fractions on the formal variables X 1 , · · · , X k , Q,
We would like to thank Jeremy Daniel, Dragos Fratila, Victoria Lebed, Louis-Hadrien Robert and Michal Zidor for giving us different proofs of (13) . We give here one of them due to Michal.
Proof. Let us denote
Denote by Σ i (X) = 1≤j 1 <j 2 <···<j i ≤k X j 1 X j 2 · · · X j k the i-th elementary symmetric polynomial in variables X 1 , · · · , X k . By convention, we set Σ 0 (X) = 1.
To prove (13), we will show that the coefficient of degree Q k−1−2i (0 ≤ i ≤ k − 1) in the left hand side is 1. By a direct computation, it is equal to (−1)
.
By setting to the same denominator, we obtain (−1)
. (14) But for all 1 ≤ l ≤ k,
Hence the numerator in (14) is the determinant
expanding along the first column. As it is equal to (−1) i V (X), we obtain the result.
Let us give the proof of Theorem 4.2.
Proof. By Lemma 2.30 and Remark 2.31, the U q (sl tor n+1 )-module
is integrable and it satisfies the first and the third defining conditions of extremal loop weight modules. So it remains to prove that 1 a 1 ⊗ · · · ⊗ 1 a k is extremal for the horizontal quantum affine subalgebra. Let us show that
We give a recursive argument on k. It is satisfied if k is equal to one. Assume that k ≥ 2 and the property true at the rank k − 1. The vector x
But the action of x − 1,0 on the j-term 1 a 1 ⊗ · · · ⊗ 2 a j ⊗ · · · ⊗ 1 a k reduces to the case k − 1 for the tensor product
By the recursive hypothesis, (x
where the factor ψ(a 1 /a j )ψ(a 2 /a j ) · · · ψ(a j−1 /a j ) stem from the box 2 a j . By summation we obtain
and by (13) we have
More generally, we show in the same way that for all i ∈ I and j ∈ Z,
Hence the vector 1 a 1 ⊗ · · · ⊗ 1 a k is extremal for the horizontal quantum affine subalgebra, and
is an extremal loop weight module.
4.3.
The non-generic case. Let us consider the tensor product of specialized vector
Denote byṼ
We determine when the action of U q (sl tor n+1 ) is well-defined on these vector spaces.
) with a structure of thin U q (sl tor n+1 )-module if and only if (n is even and k ≤ n + 1) or n is odd and k ≤ n + 1 2 (iii) The coproduct ∆ endows V ( 1 · · · 1 a ) with a structure of irreducible, thin U q (sl tor n+1 )-module for all a ∈ C * and k ∈ N * . Proof. Let us begin to show the defining conditions for these modules. Assume that k > n + 1. By straightforward computations we check that the action of x − 1,0 is not well-defined on the vector
In the same way if n is odd and k > n+1 2 = l, we check that the action of x − 1,0 is not well-defined on
It shows the necessary condition (E) in (i) and (ii).
Now assume that k satisfies (E). To show that the action is well-defined on the tensor product, it suffices to prove that it is well-defined on a vector
with 1 ≤ r < s ≤ k and i 1 , i 2 ∈ Z. This is in fact the case because aq −2(r−1) aq −2(s−1) = q 2(s−r) which is not in q (n+1)Z by hypothesis. So (i) is proved.
Assume always that k satisfies (E) and let us prove (ii). The action of the x 
. This is a consequence of the equalities (i ∈ Z)
Fix k ∈ N * and let us prove (iii). Denote by W the subvector space of the tensor product generated by vectors j 1 a ⊗ j 2 aq −2 ⊗ · · ·⊗ j k aq −2(k−1) such that there exists 1 ≤ s ≤ k − 1 and j s < j s+1 . We have the decomposition of vector space
Let us prove that the action of x ± i (z) is well-defined on V ( 1 · · · 1 a ) for all i ∈ I. For that, it suffices to consider a vector of the form jr aq −2(r−1) ⊗ js aq −2(s−1) with 1 ≤ r < s ≤ k and j r ≥ j s .
The action is well-defined on it, except perhaps when j r and j s are of the form j r = i + m(n + 1), j s = i (i ∈ Z, m ∈ N * ). But in this case, one has
As 2(r − s) − m(n + 1) < 0, the action of x − i (z) is well-defined. It remains to check if the last condition in Lemma 2.29 is satisfied. For that, the vectors we have to consider are of the form
where there exist 1 ≤ s ≤ k − 1 and i ∈ Z such that j s = i and j s+1 = i + 1. Then it is a direct consequence of the equality
Hence by Lemma 2.29, V ( 1 · · · 1 a ) can be endowed with a structure of U q (sl tor n+1 )-module.
As V ( 1 a ) is thin, all the considered modules here are weighted. Actually they are thin for the following reasons: if (E) holds, all the sets M V ( 1 aq −2(i−1) ) for various 1 ≤ i ≤ k are disjoint to each others and the joint spectrum of U q (ĥ) is simple. For V ( 1 · · · 1 a ), the thin property is a direct consequence of its definition. Indeed for
And such an ℓ-weight determines completely the sequence j 1 ≥ j 2 ≥ · · · ≥ j k . Then we have a bijective correspondence between vectors j 1 a ⊗ · · · ⊗ j k aq −2(k−1) with 
,r (i ∈ I, r ∈ Z). It reduces to prove it for all tensor product of the form
But this case is straightforward from the following calculations (i ∈ Z)
Remark 4.5. One can also consider the tensor product (k ∈ N * , a ∈ C * )
As above denote byW
and W ( 1 · · · 1 a ) the sub-vector space of W generated by
We prove in the same way that (i) the coproduct ∆ endows W with a structure of thin U q (sl tor n+1 )-module if and only if k satisfies (E), (ii) the coproduct ∆ endows W ( 1 · · · 1 a ) with a structure of irreducible, thin
 with a structure of irreducible, thin U q (sl tor n+1 )-module if and only if k satisfies (E). Theorem 4.6. Assume that k satisfies (E).
Then the
) is an extremal loop weight module of ℓ-weight
Proof. By Lemma 2.30 and Remark 2.31,
) is an integrable U q (sl tor n+1 )-module which satisfies the third condition of Definition 2.23. Furthermore we show in the same way as above (by using (16) ) that the vector generates this module. Let us show that it is extremal for the horizontal quantum affine subalgebra: the vector x
By (15) the only vector we have to keep is the last one, and we take its image by the operator x − 1,0 . We repeat this operation k times. Finally we obtain (x
[j−1]q for all j ≥ 2, and
More generally we show that for all i ∈ I and j ∈ Z,
is extremal for the horizontal quantum affine subalgebra, and V ( 1 a )⊗· · ·⊗V ( 1 aq −2(k−1) ) is an extremal loop weight module.
is an irreducible extremal loop weight module of ℓ-weight
Proof. The proof is analogue to the one of Theorem 4.6.
0,aq only if k = 1. In fact, assume that k = 1 and let us consider the vector
We apply operators x
The weight λ of this vector satisfies λ(h 0 ) = 0 and we have
Hence this vector is not 0-extremal, and v is not extremal for the horizontal quantum affine subalgebra. So V is not an extremal loop weight module when k > 1.
In [25, Section 5] we have defined an irreducible extremal loop weight module
for the quantum toroidal algebra U q (sl tor 4 ). For that we have considered a monomial realization of the extremal crystal B(2̟ 1 ). The tensor product construction done above gives a new way to obtain this module.
0,aq −1 ) and V ( 1 1 a ) are isomorphic.
Proof. Let us prove this result when a = 1 (the other cases follow by twisting the action by the automorphism t a ). The action of U q (sl tor [25, Theorem 5.6] ). Let us give a basis of V ( 1 1 1 ) on which the action writes in the same way. The representation V ( 1 1 1 ) is thin and has a basis formed by the ℓ-weight vectors
and where the monomial m is the ℓ-weight of j 1 1 ⊗ j 2 q −2 . We normalize this basis as follows: for s ∈ N * and k ∈ Z we set
we define the vector
For the other ℓ-weights m, we just set w m := v m . The action of the quantum toroidal algebra U q (sl tor 4 ) can be computed on the basis (w m ) m . And we check that the formulas of the action of U q (sl tor 4 ) on it are the same as the explicit ones for the module [25, Theorem 5.6 ]. Remark 4.10. Let us consider the tensor product (k ∈ N * , a ∈ C * )
and its sub-vector spacesW
We prove in the same way that (i) if k satisfies (E), W is an extremal loop weight module of ℓ-weight
is an irreducible, extremal loop weight module of ℓ-weight
for all a ∈ C * and k ∈ N * ,
0,a k q ). By using the automorphism ι of U q (sl tor n+1 ), we obtain from the previous results that
Furthermore for all k ∈ N * , there exists a sub-vector space of V which can be endowed with a structure of irreducible, thin, extremal loop weight
Finite-dimensional representations at roots of unity. Set L ≥ 1 and let ǫ be a primitive [(n + 1)L]-root of unity. Recall that U ǫ (sl tor n+1 ) ′ is the algebra defined as U q (sl tor n+1 ) with ǫ instead of q (without divided power and derivation element). For all a ∈ C * , let V ( 1 a ) ǫ be the U ǫ (sl tor n+1 ) ′ -module constructed in [25] . It is obtained from V ( 1 a ) by specializing q at ǫ in (12) and by taking a quotient. Furthermore,
Theorem 4.12. Assume that ǫ is a primitive [(n + 1)L]-root of unity and let k ∈ N * and a 1 , · · · , a k ∈ C * be such that
with a well-defined structure of U ǫ (sl tor n+1 ) ′ -module. Furthermore it is irreducible and finite-dimensional of dimension
Proof. It is straightforward from the action of U ǫ (sl tor n+1 ) ′ on V ( 1 a ) ǫ and the computations done above.
Let us consider the tensor product (k ∈ N * , a ∈ C * )
We determine when the action of U ǫ (sl tor n+1 ) ′ is well-defined on it.
Theorem 4.13. The coproduct ∆ endows the tensor product
with a structure of U ǫ (sl tor n+1 ) ′ -module if and only if k satisfies (E). Furthermore this module is irreducible and finite-dimensional of dimension
Proof. The proof is analogue to the one when q is not a root of unity. Further we show by straightforward computations that
Remark 4.14. Let us consider the U q (sl tor n+1 )-modulesṼ
and their specialization at q to ǫ: one can show that they are well-defined if and only if k satisfies (E). Furthermore the U ǫ (sl tor n+1 ) ′ -modules hence obtained are equal to the tensor product
0,aq r+1 ) In this section we use the same process as in Section 4: we consider tensor products of fundamental extremal loop weight modules V (e ̟ ℓ Y ℓ,a Y −1 0,aq ℓ ) when n = 2r + 1 is odd and ℓ = r + 1 here. We obtain new extremal loop weight modules for U q (sl tor n+1 ). So in all this section n = 2r+1 (r ≥ 1) is an odd integer and ℓ = r+1. In the first part we recall the formulas of the action of U q (sl tor n+1 ) on V (e ̟ r+1 Y ℓ,a Y −1 0,aq ℓ ) given in [25] . We
by twisting the action by t q −ℓ−1 (pay attention that its module is not isomorphic tõ In the second part, we study the case of such tensor product with generic complex parameters a 1 , · · · , a k ∈ C * (k ∈ N * ): it is an irreducible, thin, extremal loop weight U q (sl tor n+1 )-module of ℓ-weight
0,a k q r+1 (Theorem 5.4). In the last part we specialize q at roots of unity ǫ. We get in this way new irreducible finite-dimensional modules over U ǫ (sl tor n+1 ) ′ . labelled by Young tableaux of shape (r + 1) T = (1 ≤ i 1 < i 2 < · · · < i r+1 ≤ n + 1) and integers s ∈ Z on which the action of U q (sl tor n+1 ) is given by (i ∈ I, b ∈ aq 2Z )
Here we use the notation δ A = 1 if A is true and δ A = 0 otherwise. Let us describe the operatorsẽ i andf i occurring in (17) . For that denote by B 0 (Λ r+1 ) ′ aff the set of Young tableaux of shape (r + 1) (we use the same notations as in [25] ). It can be endowed with an affine P cl -crystal structure as follows: the weight function is given by the content of tableaux, i.e. wt(T ) := (w 1 (T ), · · · , w n+1 (T )) where w i (T ) is the number of letters i occurring in the tableau T . It can be viewed as an element of P cl by setting basis parametrized by a monomial realization of the level 0 extremal weight crystal B(̟ r+1 ) (see [25] ). This crystal is related to the affine P cl -crystal B 0 (Λ r+1 ) ′ aff in the following way: from B 0 (Λ r+1 ) ′ aff one can define its affinization B 0 (Λ r+1 ) aff (see [23, 25] ): this is the P -crystal with vertices in {z s ⊗ T |s ∈ Z, T ∈ B 0 (Λ r+1 ) ′ aff } such that for all
Then it is known [23] 0,q r+1−2s ) (see [25] ). This is this shift by q 2 in the level of the monomial realization which finds in (17) .
Proof. With the notations used in [25] , we set for all Young tableau T of shape (r + 1) and s ∈ Z,
T aq 2s = m T ;s . Then (17) and (18) deduce by straightforward computations from the formulas of the action of
0,aq r+1 ) we gave in [25] .
Let us consider the tensor product V
Proposition 5.2. The action of U q (sl tor n+1 ) on the tensor product
is well-defined if and only if a b / ∈ q 2Z . In this case, the U q (sl tor n+1 )-module hence obtained is irreducible and thin.
Proof. Let us consider
two Young tableaux of shape (r + 1) and α ∈ aq 2Z , β ∈ bq 2Z . We study the action of x
β :
Hence the coefficients of the series x
are well-defined on the tensor product if and only if for all α ∈ aq 2Z , β ∈ bq 2Z and 1 ≤ r, s ≤ r + 1, Theorem 5.4. Let k ∈ N * and a 1 , · · · , a k ∈ C * be such that
Proof. By Lemma 2.30 and Remark 2.31, this tensor product is an integrable U q (sl tor n+1 )-module which satisfies the first and the third conditions in Definition 2.23. Then the only thing we have to show is the extremality of
for the horizontal quantum affine subalgebra. Fix i ∈ I and let T = (1 ≤ i 1 < · · · < i p = i < · · · < i r+1 ≤ n + 1) be a Young tableaux of shape (r + 1) and
We have
As in the proof of Theorem 4.2, we are reduced to the case k − 1. By induction on k and using (13) we obtain
In the same way one can show that Theorem 5.5. Assume that ǫ is a primitive [2L]-root of unity and let k ∈ N * and a 1 , · · · , a k ∈ C * be such that
with a well-defined structure of U ǫ (sl tor n+1 ) ′ -module. Furthermore it is irreducible and
Proof. This is straightforward from the computations done above.
Further possible developments
In this last section we give some promising directions to study the extremal loop weight modules for other quantum affinization algebras.
In Section 3 of the article we give a process to construct extremal loop weight modules by tensor product for quantum toroidal algebras of type A. We expect that our process can also hold for quantum toroidal algebras of other types. Let us give an example of such construction for U q (g tor ) with g the simple Lie algebra of type D 4 associated to the Dynkin diagram D.
We consider the tensor product Proof. Fix i ∈ I and let us show that the action of the operator x + i (z) is well-defined on this tensor product (we proceed in the same way for x − i (z)). The proof is similar to the one of Theorem 3.1. Actually we have to show that the infinite sum (11) is well-defined in our situation. For that we study the q-characters of V (e Λ 1 Y 1,a ) and V (e −Λ 0 Y −1 0,aq 2 ). They can be computed and we check that in the sum (11),
and λ − · λ + = 1 in all the situations. Hence the action of
0,aq 2 ) can be endowed with a structure of U q (g tor )-module by Lemma 2.28. It defines naturally an automorphism (also denoted by θ) of the quantum toroidal algebra U q (g tor ). By restriction, it gives an isomorphism of algebras between all the vertical quantum affine subalgebras U v,j q (sl tor n+1 ) for j = 0, 1, 3, 4. So to prove the third point of Definition 2.23, it reduces to show that U v,j q (g tor )·w is finite-dimensional for all w ∈ T (e ̟ 1 Y 1,a Y −1 0,aq 2 ) and j = 0, 2 (the other cases j = 1, 3, 4 can be deduced from the case j = 0 by applying θ). We proceed as in the proof of Proposition 2.24. The main point is to show that the set {µ ∈ wt(V (e Λ 1 Y 1,a ))|µ(d) = k} is finite for all k ∈ Z. It can be seen by straightforward computations from the q-character of V (e Λ 1 Y 1,a ) . The last case we have to consider is for j = 2. We have
Then in that case it follows directly from the integrability of
0,aq 2 ). It remains to show the extremality of v = v + ⊗ v − for the horizontal quantum affine subalgebra U h q (g tor ). One can process as in the Appendix for the U q (sl tor n+1 )-module
0,aq ), by straightforward computations. We do not detail the calculations.
0,q 2 ) can be defined from a monomial realization of B(̟ 1 ) as in [25] . More precisely, consider the monomial
By [19] , it is isomorphic to B(̟ 1 ). And one can show that the U q (g tor )-module defined from this crystal and the formulas in [25, Theorem 4.11 ] is isomorphic to
As for the extremal fundamental loop weight U q (sl tor n+1 )-modules,
We show that the map τ 6,−δ :
is a P cl -crystal automorphism. This shift automorphism is related to the existence of finite-dimensional representations of the quantum toroidal algebra U ǫ (g tor ) ′ at a root of unity ǫ. In fact by specializing q at a root of unity in the representation
is the first example of extremal loop weight module in type different to A. We expect to construct analogue examples by the same process for quantum toroidal algebras of general type in a further paper.
Another approach could be to study tensor products of U q (ŝl ∞ )-modules. The algebra U q (ŝl ∞ ) is the quantum affinization of the quantum group of type A ∞ . All fundamental modules and Kirillov-Reshetikhin modules are thin. Furthermore U q (ŝl ∞ ) is related to the quantum toroidal algebra U q (sl tor n+1 ) in the following combinatorial way (see [18] for more explanations): let us consider the ring morphism
It is conjectured in [18] that for V an irreducible ℓ-highest weight representation of U q (ŝl ∞ ), φ n (χ q (V )) is the q-character of an actual representation of U q (sl tor n+1 ). This conjecture is proved for the Kirillov-Reshetikhin modules (see [18, Theorem 4.2] ). So it would be interesting to define extremal loop weight modules for U q (ŝl ∞ ) and to study their q-character. Their image by φ n could be the q-character of an actual representation of U q (sl tor n+1 ) we expect to be ℓ-extremal.
Appendix. Action on the
0,aq ) The Appendix is devoted to the proof of Proposition 3.15. We study the U q (sl tor n+1 )-
0,aq ) (a ∈ C * ) and we determine the action of the quantum toroidal algebra on it. It proves Conjecture 3.13 for the particular case s = 1 and ℓ = 1, n (see Proposition 3.16).
Let
0,aq )) be the simple ℓ-highest weight U q (sl tor n+1 )-module of ℓ-highest weight e Λ 1 Y 1,a (resp. the simple ℓ-lowest weight U q (sl tor n+1 )-module of ℓ-
) is the ℓ-highest weight vector of V (e Λ 1 Y 1,a ) (resp. the ℓ-lowest 0,q ) by twisting the action by t a . We will denote variables Y i,q l only by Y i,l in the following (i ∈ I, l ∈ Z). We still use the modulo (n + 1) convention: for all i ∈ Z, we set x To study the action of U q (sl tor n+1 ) on T (e ̟ 1 Y 1,0 Y −1 0,1 ), we determine the action in each U q (ŝl 2 ) ′ -direction on the met vectors. Let us justify some computations done in the following. We will have to study U q (ŝl 2 ) ′ -modules generated by ℓ-highest weight vectors of ℓ-highest weight of the form Y l or Y l Y m (l, m ∈ Z, l = m). By the theory of Weyl modules [5] , these representations are known: they are isomorphic to the simple ℓ-highest weight U q (ŝl 2 ) ′ -modules of ℓ-highest weights Y l and Y l Y m respectively, which are thin. We will use this fact in our computations. In particular we will see that the U q (sl tor n+1 )-module T (e ̟ This module is studied in [17, 25] . We recall these results in the following example. (19) for the action of the negative part of U q (sl tor n+1 ). The same computations hold for the action of U q (sl tor n+1 ) + . We determine in this way a basis of T (e ̟ 1 Y 1,0 Y 0,1 ) formed by ℓ-weight vectors. The Cartan subalgebra U q (ĥ) acts on it by diagonalizable operators with a simple joint spectrum. Then T (e ̟ 1 Y 1,0 Y 0,1 )) is a thin U q (sl tor n+1 )-module. We get Proposition 3.15 by twisting the action on T (e ̟ 1 Y 1,0 Y 0,1 ) by the automorphism t a (a ∈ C * ).
